This paper derives closed-form solutions for the local deformation of a bi-convex boom under circular bending, and the resulting strain energy and self-extending force. Convex tapes and bi-convex booms that consists of a pair of convex tapes can be stored into a small volume and have high specific rigidity. They extert a selfextending force when stored cylindrically. Therefore, they have been proposed as members of deployable space structures. In this paper, two types of bi-convex booms are considered. In the first, the tapes of the bi-convex boom are bonded to each other at their edges; in the second, the tapes are wrapped in a cylindrical braid mesh. The latter is called a BCON (braid-coated bi-convex) boom. The tape of a BCON boom can slip on each other, and do not separate from each other because of the tension of the mesh net. Consequently, the BCON boom can be used in an ultralight self-deployable structure with quite high stowage volume efficiency and specific rigidity. However, structures using convex tapes or BCON booms have been designed and developed through a trial-anderror process because there is no appropriate formula for the self-extending force of convex tapes. This paper proposes a formula for the deformation of a convex tape that is initially bent into a circular shape. The deviation from the circular shape is obtained by solving the equilibrium equations. The deformation of a bi-convex boom is also derived by using the solution for a convex tape. Thus the theory described in this paper contributes to the design of space structures using convex tapes in bi-convex booms, as well as to the structural mechanics of flexible beams.
Introduction
Gossamer spacecraft has been researched increasingly actively in recent years, especially after the success of the spinning solar sail IKAROS (Sawada, et al., 2011 (Sawada, et al., , 2013 . The key technology underlying gossamer spacecraft is the deployment of gossamer bodies such as thin membranes. The deployment can be achieved either with the assistance of the centrifugal force induced by the spin of the bodies, or with the assistance of the extension of the support masts or the deployment of the support truss. In the last two cases, the support structure must be lightweight and have appropriately high specific rigidity. Many kinds of thin-walled booms have been proposed to meet these requirements. For example, Mallikarachchi and Pellegrino (2013) proposed a cylindrical boom with two tape-spring hinges that can be folded around a rigid spacecraft. Block et al. (2011) proposed a boom that consists of two omega-shaped shells (Fig. 1) . The shells are bonded at both edges with each other, so that the cross-section of the boom is closed and the boom has high bending rigidity compared with a boom with open cross-section. Furthermore, the mast could be rolled up into a small volume. The boom is expected to be used as the extensible mast of a solar sail, in which a square-shaped thin membrane is deployed by the extension of four booms along its diagonal. Boom with similar concepts have been studied by many researchers. Adeli and Lappas (2010) developed a CubeSat that demonstrates solar sailing and deorbit. Furuya et al. (2014) proposed a new folding method that allows the membrane and the booms to be wrapped together. Their boom consists of two arc-like thin shells connected by thin adhesion tape. We refer such a boom consisting of two connected convex tapes as a "closed-section boom" for simplicity.
Another boom concept using convex tapes has been proposed by Watanabe, et al. (2012) . They named their concept the BCON (braid-coated convex) boom. Fig. 2 shows a close-up photo of a BCON boom sample. It consists of two convex tapes and a cylindrical braid mesh. The edge of one tape contacts that of the other, and the braid mesh covers the tapes so that they do not separate from each other. Therefore, a high bending rigidity can be expected for a BCON boom, much like a boom with closed cross-section. The difference between closed-section booms and the BCON boom is in their response when they are wrapped around an object. When two tapes are wrapped around a spindle, the perimeter of the inner tape is different from that of the outer tape because of the thickness of the tape. As a result, a longitudinal gap arises between the two tapes, and shear strain occurs at the edge of the tapes in the case of a closed-section boom. The shear strain disturbs the wrap and induces local deformation near the edge, so that it is difficult to wrap the boom in a spiral curve around a small spindle. This means that the radius of the spindle must be larger than some appropriate value, and the boom must be stored in a wavy curve resembling a flower petal. On the other hand, each tape of the BCON boom can slide along the other tape, so that no shear strain occurs. As a result, the BCON boom can be wrapped around the small spindle easily, similar to a convex tape. Therefore it can be stored in quite small volumes. Thus the BCON boom realizes quite high stowage volume efficiency and specific rigidity. Thus the most important advantage of the BCON boom over closed-section boom is the sliding capability. We refer such a boom as a "sliding-section boom" for simplicity.
Bi-convex booms, including closed-section booms and sliding-section booms, have strong self-extensibility, which is an important property when they are used for deployable space structures. Fig. 3 illustrates an example of a selfdeployable membrane structure using bi-convex booms. The boom supports the membrane when deployed, and the structure can be stowed in a small volume because of the excellent stowing efficiency of the boom. The design requirement for deployment actuators such as springs and motors can be relaxed if the boom has self-extensibility. Thus bi-convex booms are quite suitable for use in deployable light-weight space structures, e.g. solar sails, deorbit membranes, and sun-shields. Fig. 3 Example of self-deployable boom-membrane structure. Left: The booms are employed as masts to deploy the membrane. Right: The booms form a deployable truss.
There is little research that estimates the self-extending force of convex tapes and bi-convex booms theoretically. Therefore the designs of such self-deployable structures are based on experimental evaluation of prototypes, which is an inefficient trial-and-error approach. If the self-extending force of the boom can be predicted theoretically, we can design such deployable structures more efficiently.
The self-extending force is induced by the release of the bending energy of the boom when it is unwrapped from the spindle. When the boom is wrapped around the spindle, its convex cross-section is flattened. Thus two kinds of bending occurs in the wrapped boom; the first one is the bending along the arc-length of the boom, and the other one is the bending
of the cross-section. In order to predict the self-extending force of the boom, it is necessary to mathematically express the deformation of the cross-section of the wrapped boom. In this paper a closed-form solution of the deformation of a wrapped convex tape including that of the cross-section is formulated. The resulting bending energy and the self-extending force are also given in closed form. Using this solution, the deformation of the wrapped bi-convex boom is also mathematically expressed. The solution can easily be applied to the design of deployable structures. Thus the theory described in this paper contributes to the design of space structures using convex tapes to construct bi-convex booms, as well as to the structural mechanics of flexible beam.
The structure of this paper is as follows: The solution of the local deformation of a wrapped convex tape is formulated in Section 2. The solution of a wrapped bi-convex boom is derived in Section 3, which considers the contact problem of two convex tapes at their edges. The solution is available for the analysis of both closed-section boom and the BCON boom. The deformation of the cross-section of the bi-convex boom is discussed in Section 4. In Section 5, the selfextending force of a BCON boom is obtained experimentally and compared with the theoretical result, which shows the validity of the present formulation. Concluding remarks is given in Section 6.
Deformation of convex tape
An analytical solution of the local deformation of a convex tape under bending is derived in this section.
Geometrical relation
Let us consider a convex tape of initial radius of curvature R, thickness h , and arc angle o f as in the left side of O ---i i i in this figure. Let us embed the orthogonal coordinate system ( , , )
x y z and the corresponding orthonormal base vector ( , , )
as in the figure, where 0
The axis x is along the longitudinal direction parallel to 1 i , and the axis y is along the convex curve of the tape. The relation between ( , , ) 
The position vector of an arbitrary point in the shell in the initial state is expressed as
Then the covariant base vectors x G , y G , and z G along the axis x , y , and z in the initial state are obtained as
,
where
is the initial curvature of the tape. The volume of an infinitesimal hexahedron is Suppose that the tape is subject to "opposite-sense" bending of radius a as in the right side of Fig. 4 . The 
Let us denote the displacement of the tape from the bending state in each embedded axis as ( , , ) u v w . Then, the position vector x in the deformed state is expressed as Eq. (6) under the Kirchhoff-Love hypothesis.
where o x is the position vector of the mid-surface (
Let us assume that A1) u is a function of x while v and w are functions of y .
A2) The thickness of the tape is sufficiently small compared with the initial radius of curvature R, i.e. 1 zk  .
Then the position vector in the deformed state is expressed as Eq. (8).
is the curvature of the tape in the deformed state, and the prime denotes differentiation along y . Then the covariant base vectors x g , y g , and z g are obtained as
where the dot denotes differentiation along x .
Strain and stress
When the tape is under circular bending as in Fig. 4 , the strain other than the axial strains along the x , y , and z axes vanishes because of the symmetry of the deformation. The second-or higher-order term of / h R of the strain is negligible because of assumptions A1) and A2) in the previous sub-section. Then strains xx e and yy e along the x and y axis, respectively, are written as Eq. (10) 
Let us assume an orthotropic linear plain stress field in the orthonormal coordinate along the embedded coordinates ( , , ) x y z , so that the constitutive relation can be written as 
where b is the half of the arc length of the tape, i.e. (10) as
Substituting Eq. (13) into (12), we obtain the equilibrium equations as Eqs. (14)- (16).
The boundary conditions are obtained as Eqs. (17) and (18). 
where 
Substituting Eq. (10) and (11) into (19), we obtain ( ) 
As mentioned previously, the material of the tape is assumed to be orthotropic, so that Eq. (26) holds which is employed in the derivation of Eq. (20).
, ,
Displacement
Let us solve equilibrium equations (14)- (16) under boundary conditions (17) and (18). First, we obtain from Eq. (15) that
Considering that u is a function of x , w is a function of y , and y T is a constant as in Equation (27), Eq. (20) leads to
Substituting Eq. (27) and (28) into (21), we obtain
The first equilibrium equation (14) 
Let us assume that z p is constant, i.e. , 4
By using the above solution, the stress resultants and the stress couple can be expressed as
Deformation of the tape
As seen in Section 2.4, the solution is described in terms of four dimensionless parameters 
By substituting Eqs. (38) and (39) into (36) and (35), respectively, the second and third derivatives of w at the edge are expressed as
The constants of integration 1 C and 2 C are obtained in terms of xo a , yo e , end e , and l by substituting Eq. (32) into (40). Finally, by substituting these expressions of 1 C and 2 C into Eq. (32), we obtain the following expression for w : 
Thus the deflection w is expressed in terms of xo a , yo e , end e , and l . The mean deflection over the arc of the tape is obtained as
Deformation at the tape edge
The displacement at the tape edge is calculated from Eqs. (29) and (41) 
Roughly speaking, y p represents the energy to deform the convex shell into the flat plate, while x p represents the energy to bend the flat plate into a cylindrical shape with curvature k .
Substituting Eqs. (44)- (46) into (49), and calculating the integration (50), we obtain Eq. (51). As seen in Eq. (51), xo a , the axial strain along x , does not explicitly influence the strain energy, which means that xo a is not determined by the equilibrium equations. Instead, xo a will be determined by a geometrical constraint condition when the tape is subject to bending as shown in the next section. 
The bending moment to be applied at the end of the tape is given as
In Eq. (51), yo e , end e , and l are determined so that the boundary conditions are satisfied, and may be described in terms of k . If there is no external force and no edge force, i.e. , is given as
where free p is the strain energy per unit length defined as ( ) (56) and (57) are also plotted in the figure. Seffen and Pellegrino (1999) showed an approximate solution of the bending moment under pure bending convex tape, which is almost the same as the right figure of Fig. 5. ( ) 3  2 2  4 2  1  2  2  2  2  2   4  1  ,  2  12 12 15
It must be noted that
1 lin p is obtained by substituting this approximation into Eq. (54). On the other hand, 1 0 A » when k is large.
2 lin p is obtained by using this approximation and the orthotropy condition (26). Fig. 6 shows examples of the deflection curve w of the isotropic tape under pure bending with the same parameters as Fig. 5 . xo a was assumed so that the average of the deflection is 0 w = , i.e.
Deflection curve

/ 12
xo o h a kk = . The curvatures k for the left, center, and right sub-plots corresponds to points A, B, and C in Fig. 5 , respectively. As the curvature becomes larger, the deflection becomes smaller. The deflection near the center becomes nearly zero in case of large curvature. 
Self-extending force
Let us consider the self-extension of a convex tape wrapped spirally around a spindle. The curvature k of the tape varies along the tape, and depends on the length of the wrapped tape, i.e.
( , ) x k k =  . The total strain energy stored in the tape is given as Eq. (58) where
is the strain energy per unit length of the spirally wrapped tape.
tape tape
The self-extending force tape F is calculated as 
Thus the left figure of Fig. 5 represents an example of tape F for an isotropic tape. Fig. 7 shows an example of tape F for an orthotropic tape. The self-extending force of the tape reinforced in the y direction is larger than the tape reinforced in the x direction in case of small k , but smaller in case of large k . Particularly, tape F is smaller in case of small k even if x E is larger, because x n is larger. Fig. 7 Self-extending force of orthotropic tape, ( , , , , ) (100 m,10mm, 20mm, 0.3,127GPa)
Experimental evaluation of self-extending force
To evaluate the approximation of the self-extending force expressed by Eq. (60), the authors measured the selfextending force tape F of a wrapped convex tape. Fig. 8 shows the experimental set-up. The geometric parameters and the material properties of the tape are listed in Table 1 . In Fig. 8 , the tape is wrapped around the spindle and supported at the roller (A). The arm (B) is connected to the spindle in the radial direction, and the load cell is attached to the arm at the point C. The distance between the center of the spindle and the contact point C is If the gravitational force and the friction between the roller and the tape are ignored, we can evaluate the selfextending force by Eq. (60) Thus the deformation of a convex tape is solved. The solution is employed to obtain the deformation of the bi-convex boom in the next section. Fig. 9 Self-extending force of convex tape
Analytical solution for bending of a bi-convex boom
Let us consider a bi-convex boom consisting of two convex tapes of width 2b , thickness h , and initial radius of curvature R. The boom is subject to bending to a radius of curvature a as in Fig. 10 . The radii of curvature of the inner and outer tapes in the initial state are given as
respectively. The properties concerned with the inner tape are labeled with the superscript "in" and those with the outer tape are labeled with "out" hereinafter. The radii of curvature of the tapes in the deformed state are given as
respectively. The curvature in the deformed state is calculated from Eq. (63) as Eq. (64) where
Let us consider the interaction between the inner tape and the outer tape at both edges of the tapes, i.e. at y b =  . Fig. 11 illustrates the force and the moment acting at the infinitesimal domain of the edge of each tape, in which
con N , y F , and x F represents the normal contact force per unit length, the frictional force per unit length along the edge curve, and the frictional force per unit length normal to the edge curve, respectively. Let us In the case where a device such as a guide rail is attached at the edges, each tape is subject to a force from the device, which is under self-equilibrium. 
The force equilibria in those domains are expressed as Eqs. (67). 
The moment equilibria in those domains are expressed as Eq. (68).
The equilibrium equations (67)- (68) are rewritten as Eq. (69)- (72).
It should be noted that the external forces in edge S , x F , and con N must satisfy Eqs. (65) and (69) because the deformation of the tape is assumed to be uniform along x . In other words, the deformation cannot be uniform if The geometric boundary conditions at the edge are given as Eqs. (73) and (74). Eq. (73) represents the nonslip condition at the edge in the y direction. 
where b is an arbitrary dimensionless parameter. This equation means that the inner tape is compressed and the outer tape is extended and the total axial force vanishes if the external pressure 0 q =  , and b represents the compressive strain of the inner tape and the tensile strain of the outer tape.
The third mechanical boundary condition (72) leads to 2 2 2 2 , 2 2
Thus the solution can be described in terms of e , b , in xo a , and out xo a . Next, let us consider the geometric boundary conditions (73), (74), and the mechanical boundary condition (75). Equations (73) and (75) can be combined as 
where if the inner and the outer edges are stuck with each other, 
Thus e is determined as 
If there is no friction at the edge, e must vanish. In this case, we can modify o P , e P , and P b as follows;
Next, the geometric condition(74) can be rewritten by using Eq. (45) as 
Let us consider the way to determine in xo a and out xo a . In the above formulation, the deflection from the circular configuration is assumed to be small, i.e. 
From Eqs. (87), (90) 
The self-extending force of the bi-convex tape, total F , can be estimated as
which is the same as discussed in Section 2.9. In Eq. (93) is larger when the strain energy stored in the stowed bi-convex boom is larger. But when a BCON boom is stowed, the axial force of each tape may be relaxed, i.e. b may be 0, and the edge of the inner tape may slip on that of the outer edge, i.e. e may be 0. The tightening force of the braid mesh may be relaxed, i.e. b q may be 0. The boom may be released from the spindle so that the boom is not subject to the pressure, i.e. q  may be 0. In this case, total F takes its minimum value. This minimum value, which is denoted by min total F , is given as
Let us consider the case in which no external force is applied, i.e. ( , , ) (0, 0, 0)
if there is no friction in the y direction between the two edges, i.e. 0 e = . Fig. 12 plots the self-extending force for an arbitrary stored curvature for the case of a nonslip edge and a frictionless edge. The effect of the friction is quite small. On the other hand, the closed-section boom should have an axial force in the stowed configuration as shown in the followings. In case of the closed-section boom, the edge of the inner tape is connected to that of the outer tape, so that the following condition must hold; 
Eqs. (103) and (104) are same as (73) and (74), respectively. Eq. (105) is the additional condition for the closedsection boom. Substituting Eq. (45) into (105), we obtain ( ) Fig. 13 shows the relationship between the stored curvature and the self-extending force of the closed-section boom． The axial strain bkb of the closed-section boom and the self-extending force of the sliding-section boom with 0 b = are also plotted in the figure. The self-extending force of the closed section boom is larger than that of the sliding-section boom. But the compressive strain of the inner tape in end b e k b = -is considerable and the local buckling may occur near the edge. Furthermore, the tapes of the closed-section boom penetrate each other for 3.34 k > as shown in the next section. Thus it is difficult to store the closed-section boom with large curvature uniform fashion. In the case of the closed-section boom, the deflection curves change drastically depending on the stored curvature k as shown in Fig. 15 . The deflection curve is similar to the one for the sliding-section boom for small k . As k becomes larger, the deflection of the center of each tape ( 0 x = ) becomes smaller, and the tapes contact each other at the center for the case where
For larger k , the inner tape goes through the outer tape. 
Experimental evaluation of the self-extending force of a bi-convex boom
If there is no friction between the hub or the roller and the bi-convex boom, the lower-limit of the self-extending force of the bi-convex boom without the axial force, i.e. 0 b = , is given as Eq. (99). In this case, the effect of the nonslip edge is very small as shown in Fig. 12 . Thus the self-extending force can be estimated by Eq. (99).
To evaluate Eq. (99), the self-extending force of the BCON boom was measured in the same way as that of the x 20 rad/m k = convex tape described in Section 2.10. The experimental set-up is shown in Fig. 16 , and the geometric parameters and the material properties of the tape are listed in Table 2 . The result is given in Fig. 17 , which clearly shows that Eq. (99) appropriately estimates the self-extending force of the sliding-section boom. 
Conclusion
The theory of the deformation of a wrapped convex tape is formulated, and a closed-form expression for the deformation of the wrapped convex tape was derived by solving the equilibrium equations of the tape. The self-extending force and the bending moment were also given in closed form, and the effect of the stored curvature on the deformation was evaluated theoretically. The self-extending force of a wrapped convex tape was measured experimentally; the results agreed well with the theory. Thus the effectiveness of the theory was validated.
The theory of the deformation of a wrapped bi-convex boom was also formulated and solved by extending the theory of the convex tape. The theory can be applied to both the closed-section boom and the sliding-section boom. The effectiveness of the theory was validated by experiments. The deformation of the sliding-section boom was compared with that of the closed-section boom, which evaluated the effect of the closed section. The analysis showed the advantage of the sliding-section boom over the closed-section one in terms of the extent to which it can be wrapped into a small volume.
The theory derived in this paper can be used to obtain detailed understanding of the bending deformation and the self-extending effect of convex tapes and bi-convex booms. Furthermore, the theory can be easily applied in the design of self-deployable structures.
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